Quantum phase transitional behavior of a finite periodic XX spin-1 2 chain with nearest neighbor interaction in a uniform transverse field is studied based on the simple exact solutions. It is found that there are [N/2] quantum critical points in the ground state, where N is the periodic number of the system and [x] stands for the integer part of x, when the interaction strength and magnitude of the magnetic field satisfy certain conditions. The quantum phase transitions are all of the first order due to level-crossing. The ground state in the thermodynamic limit will be divided into three distinguishable quantum phases with one non-degenerate long-range order phase, one two-fold degenerate continuous long-range order phase and one non-degenerate ferromagnetic phase.
It is well known that the finite periodic XX spin-1 2 chain with nearest neighbor interaction in a uniform transverse field is simply solvable. The result was first reported by Lieb et al, and then by many others. [2−6] Similar models have been attracted a lot of attention recently due to the fact that they may be potentially helpful in quantum information processing [7−9] and realizable by using quantum dots, optical lattice, or spin interaction systems. [10−12] These spin systems usually undergo quantum phase transitions (QPTs) under certain conditions at zero temperature, which can be characterized by non-analyticity in properties of the ground state. [13] There are intimate links between QPTs and entanglement in the systems. [9,14−16] In this Letter it will be shown that there are a series of critical points signaturing a series of first order quantum phase transitions when the interaction strength and magnitude of the magnetic field satisfy certain conditions, and the entanglement measure [17, 18] defined in terms of von Neumann entropy of one-body reduced density matrix can be used to indicating both the multi-particle entanglement and QPTs in the system.
The Hamiltonian of the model can be written as
where S µ i (µ = +, −, 0) are spin operators satisfying the SU(2) commutation relations:
is the nearest neighbor interaction strength, h is a uniform transverse field, and the periodic condition S µ i+N = S µ i is assumed. These spin operators can be realized by the periodic-N hard-core boson operators with S
Thus, up to a constant, (1) can be rewritten as
where, in order to investigate QPT behavior of the system, we have set J = 1 − t and h = t/2 with 0 ≤ t ≤ 1. Though the neglected constant term in (2) is dependent on t, it only results in a slight change in the positions of critical points, and the phase transitional behavior of the system keeps unchanged. It is clear that the ground state of the system is in the ferromagnetic (unentangled) phase when t = 1 and in the long-range order (entangled) phase when t = 0. Therefore, t serves as the control parameter of the system. By using the results shown in Refs. [1] [2] [3] [4] [5] [6] , the k-'particle' wavefunctions of (2) can be expressed as 
corresponding to the µ-th set of eigenvectors of the matrix with
, in which E ij are the matrix units or generators of U (N ) in the fundamental representation. The corresponding eigen-energy of (3) is
where i µ ∈ {1, 2, · · · , N } with N ≥ 2. Though the above results are analytic, it is still not easy to write out those corresponding to a specific state explicitly, especially to the ground state, from (3), (4), and (5) directly. However, we have verified that the ground state energy for periodic-N chain is related to the following set of eigen-energies: 
respectively, when the control parameter t changes from 0 to 1. Such quantum phase transitions are of the first order because the first derivative of the ground state energy to the control parameter t is discontinuous at the critical point, lim t→tc−0
∂t , according to the extended Erhenfest classification of phase transitions. [19] Entanglement in the model is often studied by using block-block entanglement defined in terms of von Neumann entropy [15] or by using Wootters concurrence [20] , e. g., that shown in [21] . In the following, we use the simple measure proposed in [17] with
if all N terms in the sum are non-zero, otherwise η(Ψ) = 0, where Ψ stands for the ground state wavefunction and (ρ Ψ ) i is the reduced density matrix with the i-th site only. We observed that (ρ Ψ ) i is independent of i for ground state in the model. Hence, the entanglement measure η can be simply defined by the reduced von Neumann entropy for any site. Table 2 shows ground state entanglement in different quantum phases for N = 2, · · · , 6, respectively, in which the entanglement type of the ground state in each phase is indicated. For example, the state is a linear combination of several GHZ-like states for N = 4 with 0 ≤ t < 0.453082, while it is a linear combination of serval W-like states for N = 5 with 0 ≤ t < 0.552786. It is clear that the ground state entanglement measure gradually increases while the control parameter t decreases, which is also characterized by the quantum number S 0 = i S 0 i . In the separable ferromagnetic phase, S 0 reaches its lowest value with S 0 = −N/2, while it becomes close to 0
, in which the spin-up and -down fermions are most strongly correlated in comparison to that in other phases. In the most entangled long-range order phase, even-N systems are most entangled with η = 1 which is always greater than those of the nearest odd-N systems. Furthermore, there is no degeneracy in the ground state if the control parameter t does not at those [N/2] critical points, while it becomes two-fold degenerate when t = t (i) c for any i, which is mainly due to the S 2 permutation symmetry defined by the permutation of two sets of sites with {1, 2,
Nevertheless, these pairs of degenerate states are still distinguishable from each other by the quantum number S 0 with their difference ∆(S 0 ) = ±1 and by values of the entanglement measure of these two degenerate states. As a consequence, the ground state in the thermodynamic limit is not degenerate when t = 0; it becomes two-fold degenerate everywhere when the control parameter t is within the half-open interval (t ∈ (0, 2/3]) because the critical points are dense everywhere in this control parameter range in the N → ∞ limit; and finally it becomes non-degenerate again when 2/3 < t ≤ 1. Therefore, the ground state should be classified into three phases rather than two in the thermodynamic limit. These three phases are one non-degenerate entangled phase at t = 0 with η = 1, one two-fold degenerate entangled phase with t ∈ (0, 2/3] and 0 < η < 1, and one non-degenerate phase with t ∈ (2/3, 1] and η = 0. We call the quantum phase at t = 0 hidden because the first derivative of the ground state energy seems continuous at t ∈ [0, ǫ → 0). In summary, the ground state of the finite periodic-N XX spin-1 2 chain with nearest neighbor interaction in a uniform transverse field is revisited by using the simple exact solutions. The results show how the ground state of the model evolves from the ferromagnetic phase to the anti-ferromagnetic long-range order phase with decreasing of the control parameter t introduced. In addition, we have shown that there are [N/2] + 1 different quantum phases. The corresponding states in different phases are mutually orthogonal. The [N/2] first order quantum phase transitions occur all due to the level-crossing, in which the middle part of long-range order phases will become a continuous one in the large-N limit leading to the three-phase result in the thermodynamic limit. Obviously, our finite N analysis provides with the microscopic many-phase structure of the ground state of the model. Similar analysis for XY and other spin chain models may also be helpful, which will be discussed elsewhere.
